An exact solution is presented for the small-signal ac response, in the continuum approximation, of an electrochemical cell, or half-cell, with unsupported electrolyte and completely blocking electrodes. The solution includes the possibility of inner layer capacitance effects, arbitrary mobilities, arbitrary valence numbers, and any degree of charge dissociation. It applies to liquid and solid electrolytes, fused salts, and even intrinsic semiconductors. Numerous complex plane plots are included to demonstrate some of the many types of response possible. The present solution has also been incorporated as a distributed circuit element for use in equivalent circuit fitting using a newly improved complex nonlinear least squares fitting program.
The completely blocking (ideally polarized) electrode situation is not uncommon in both liquid and solid electrochemistry areas. But in the former case, e.g., with a mercury electrode, it has been usual to consider only the double layer capacitance in the limit of low frequencies and to assume that it and the solution resistance are essentially frequency independent. Such double layer work has recently been reviewed (1) . Complete blocking (no direct current possible) is also observed in the small-signal response of solid electrolytes with nonparent ion electrodes. Further, for both liquids and solids there may be present a thin insulating layer (the inner layer of the electrochemical double layer) between the metallic (or highly conducting liquid) electrode and the material of interest. Such layers may arise uncontrollably from the preparation procedure or, sometimes, may even be included on purpose to ensure complete blocking of all mobile charge carriers present in the material (2) . Even in the absence of all such layers, desired or not, there is still present an effective insulating layer (in the absence of a charge transfer reaction) involving charge separation arising from the finite size of mobile ions, a steric effect which ensures that their charge centroids cannot approach an electrode closer than about an ionic radius.
The completely blocking phenomena and frequency response considered in the present work are those appropriate for an unsupported electrolyte. They thus may apply to liquid electrolytes without support, to fused salts, and to most solid-state situations (3), even including intrinsically conducting semiconductors. Although for solids more small-signal ac measurements have been made over a considerable range of frequencies, the domain of impedance spectroscopy (acronym IS) (3), there has been less attention devoted to completely blocking than to partly conducting behavior (4) . Another important difference is that when charges of both signs are mobile, the only situation considered here, the ratio of the mobilities of the charges of opposite signs, ~m, may be very large (or very small) for solid electrolytes but is usually fairly close to unity for liquid electrolytes. Thus while one might find a ratio as big as 108 or more for solids (solid electrolytes, aliovalent single crystals, or even glasses, polymer films, and amorphous materials), a ratio bigger than 102 would be unusual in the liquid case. In spite of the relative paucity so far of IS measurements for completely blocking situations, much about the basic processes occurring in the material of interest can be learned from such measurements.
Here, some predictions of a general, continuum microscopic theory of such small-signal ac response (5) 1 will be presented to illustrate some of the varied complex plane curve shapes possible. There are too many parameters involved to allow a fully comprehensive study to be presented in a reasonable space for even the completely * Electrochemical Society Active Member. 1 In Ref. (5) the word "generalization" near the top of p. 1626 should be replaced by "generation." The citation of Eq. [14] in the first column ofp. 1627 should be Eq. [4] . The AI, symbols in Table I should be AI's. blocking response. For the same reason, no detailed frequency response results (e.g., three-dimensional perspective plots (6) ] are included. But these omissions are not of great importance here. First, the full, exact, completely blocking solution is summarized in the appendix. More importantly, this solution represents a particular distributed circuit element (DCE), one which may be called the Nernst-Planck element, and is included, along with many other useful DCE's as a part of the author's complex nonlinear least squares (CNLS) IS fitting program, LOMFP (7, 8) . Since this program, which also includes a great many different equivalent circuits for fitting, is available from the author, it may be used, as the method of choice, in analyzing completely blocking IS data. When data fitting with the current version of LOMFP leads to a good fit of such data, it will also provide direct estimates of either the present primary set of free parameters, or of the microscopic set related to them: parameters such as mobilities, equilibrium bulk concentrations, generation-recombination constants, and so on (5).
The first exact theory for the present situation appeared (9) in 1953. In many later papers, I and my collaborators have generalized it greatly, culminating in the results of Ref. (5) . There, the small-signal ac response for both partly and fully blocking electrodes is calculated (but not depicted graphically) for intrinsic and extrinsic conduction situations, for arbitrary dissociation-recombination of mobile and immobile centers, for arbitrary mobilities of the two mobile species present, and for arbitrary valence numbers of these species. Since three and higher body recombinations are not included in the theory, it is only applicable in the incomplete dissociation case for equal valence numbers, but they need not be equal for full dissociation (5) .
In a recent paper dealing with polyphenylene-oxide polymer films (10), Glarum and Marshall derive the smallsignal ac response of a half-cell containing fully dissociated unsupported material with unity valence numbers and involving a completely blocking electrode. No inner layer effects were included. Thus, this work treated a special case of the considerably more general problem analyzed earlier by the present author, that mentioned in the preceding paragraph. In fact, when the formal results of Ref. (5) are specialized for the Glarum-Marshall simplified situation, they involve the separation out of the geometric capacitance and bulk resistance of the material, include all the rest of the response in an impedance Zs, and lead to response equations as simple as those of Glarum and Marshall and fully consistent with them (see Appendix). Both the earlier analytical work of the author (5, 9) and that of Glarum and Marshall (10) apply only to situations where the mobile charge concentration is spatially uniform before the application of a measuring signal, the point of zero charge (pzc) for the electrolyte situation. Since even for the special intrinsic-conduction case, the completely blocking solution of Ref. (5) is considerably more general than that of Ref. (10), it is worthwhile to explore some of the predictions of the former work and to make better known that SMALL-SIGNAL AC RESPONSE 2275 the full solution can now be readily included in an equivalent circuit for easy CNLS fitting.
Discussion of Results
Circuits and normalization.--Consider an experimental cell involving two identical plane-parallel electrodes, with the material of experimental interest between them. Then the total impedance, ZT, of the unsupported, completely blocking system involves the geometric capacitance, Cg, in parallel with the series combination of the bulk of solution resistance, Rb, and the impedance Z~ defined in the Appendix. Finally, any inner layer capacitance, C~, may be taken in series with the above parallel combination. This latter result, although physically plausible for the completely blocking situation, is not immediately obvious. The Ref. (5) analysis uses Chang-Jaff6 boundary conditions and thus takes no account of an intrinsic inner layer. But work by Franceschetti and Macdonald (11) shows how an analytic solution using these boundary conditions may be transformed to one which incorporates overpotentialdependent conditions, such as those of Butler and Volmer. Franceschetti (12) has applied this transformation to the present situation, thus accounting properly for the presence of an inner layer in the continuum approximation, and hasthereby rigorously justified the presence of its capacitance in series with the rest of the circuit. This capacitance may be readily included as an additional circuit parameter to be determined by CNLS fitting. Here we take C~ as the combined capacitance of that of the inner layers of each of the two electrodes, taken in series.
In a CNLS fit of completely blocking data there will generally be a maximum of eight parameters involved, although not all of them may be simultaneously free. In addition to Rb, Cg, and possibly C~, five further parameters are needed to define Z, in the most general case (5). These are, first, a quantity directly associated with the diffuse double layer capacitance, M, the number of Debye lengths in a half-cell; ~m, the ratio of the mobility of negative charges to that of positive ones; ~, the ratio of the valence number for negative charges to that for positive ones; A, a measure of charge dissociation; and ~, the ratio of the recombination relaxation time to the dielectric relaxation time, TD =--RbCg. In the simplest case, that considered by Glarum and Marshall, there are only four free parameters to be determined from CNLS fitting: Rb, C~, M, and ~rm. Although it might seem from the above that one can only obtain an estimate of the mobility ratio, rather than the individual mobilities, the simultaneous estimation of Rb and Cg, along with M and ~, allows one to obtain estimates of the separate mobilities and bulk equilibrium concentrations as well since the electrode separation is taken to be known (5) .
For convenience in presenting illustrative complex plane plots of some of the completely blocking behavior, several normalizations will be employed. First, all impedances and resistances will be normalized with Rb and all capacitances with Cg. Such normalization will be denoted with a subscript "n". Thus, Z~n ~ ZJRb. It turns out that for blocking situations like those considered here, as well as for dielectric materials, it is most instructive to present response curves at the complex dielectric or complex capacitance level rather than at the impedance, admittance, or complex modulus level (3, 10) . Since the complex capacitance corresponding to an impedance Z is 1/(i2~,Z), the complex capacitance corresponding to the total circuit impedance, ZT, is CT = 1/(i2"~,ZT). AS usual, "i" is the positive square root of -1. Let us now introduce the normalized angular frequency s ~ 2~TWD. Then it turns out that Cwn = 1/(i~Zwn). This quantity is proportional to the complex dielectric constant, commonly written as 9 = e' -ie". Thus, it is natural to define CT~ as C'Tn --iC"T=.
Our normalization is still incomplete. The low frequency limiting value of CT, is CT,0 = C'Tn0 = r ~ (M)ctnh(M), essentially equal to M for M > 3 and independent of generationrecombination effects except for their influence on the value of M (see later discussion). Since the minimum value of CT is its high frequency .limiting value of Cg, the minimum value of CT~ is unity. In order that complex plane plots of the complex capacitance may all be plotted in the region from 0 to 1, we need to normalize CT, with r; such normalization will be denoted with a subscript "N". Thus CTr~ =-CTn/r. The high frequency limiting value of the real part of this quantity is then 1/r and its low frequency limiting value is unity.
The above results apply when the effects of any inner layer are negligible. Since this may not always be the case, let us introduce further normalization which will ensure that the maximum value of C'TN is still unity for any value of CI, itself taken frequency independent. Define CIN C~n/r and rename CTN in the absence of inner layer effects to CBN; it is this quantity, with "n" normalization, which is calculated in the Appendix. Then, finally, we may write CTN = [(1 + CIN)/(CBN + Cm)]CBN. This is the expression plotted in the present graphs. Clearly it reduces to CBN for CI >> CB, often the situation of interest. Note that Cm is just the ratio of the combined inner layer capacitances to the low frequency limiting value of the completely blocking (diffuse double layer) capacitance.
Graphical resutts.--We shall first show some possible curve shapes for the completely dissociated case without inner layer effects. Unless otherwise noted, C~ will be taken as infinite hereafter. Figure 1 indicates how the complex plane CTN shape depends on =m when =, = 1. This is the only situation considered by Glarum and Marshall in their interesting work, and the present results are directly comparable to theirs and essentially the same. Here frequency increases from right to left so the right bottom corner is the zero-frequency point. The slight irregularities in some of the curves herein are artifacts which arise from the machine plotting procedure used. All curves involve about 100 points, with equal steps of log (t2), and points are connected by straight lines.
The curves of Fig. 1 and other similar results allow several conclusions to be drawn. First, when the mobilities are equal and thus ~= = 1, one obtains a curve which is usually experimentally indistinguishable from a full semicircle (single-time constant Debye response). But see the discussion below. The normalized response is entirely independent of generation-recombination conditions. The simple analytical expression for this ~= = 1 response is included in the Appendix.
As ~ increases from unity towards M, the CTN curve becomes distorted, as in Fig. 1 , and for ~m >> M it divides into two distinct parts, a high frequency semicircle and a low frequency arc reminiscent of diffusion effects. This arc is, in fact, associated with diffusion processes arising from the very large difference in the mobilities. Re (CDL N) CDL , is frequency independent. But the present "~m = ~ = 1 exact solution yields response close to but not exactly the same as Debye response. It is thus of interest to examine the difference and the corresponding frequency dependence of CDL. It turns out that the complex plane curve shape of the deviation, CD~, of the present ~m = 1 curve from an exact Debye curve with the same low and high frequency limiting values is essentially independent of M for large M. Therefore, we shall use "n" normalization for CDI F. Figure 2a presents both large and small M complex plane plots of CDmn ~ C'D~F~ + iC%m~, defined analytically in the Appendix. Here frequency increases clockwise. For large M, the deviation curve is a perfect circle with maximum values of Re(CD~F,), 0.25, occurring at gtM = 1. Correspondingly, the maximum values of IIm(CDmn)l occur at ~M = 2 ~/2 -1 and its inverse, 2 ~/2 + 1. The curves are not entirely symmetric for small M, and M near 4 yields the maximum value of Re(CDIF~). Since these results show that the deviations between the exact ~ = 1CT curve and the matching Debye curve are always a small fraction of Cg, the Debye approximation is adequate except for small M, where the maximum value of Re(CT) will only be slightly larger than Cg [see, e.g., Fig. 4a] . Figure 2b shows some ~m = 1 complex plane curves for CDLN : 1/[iDZ~n(V -1)] = CtDL N --iC"DLN. Note that here "N" normalization involves the low frequency limiting value of CDLn, r --1, rather than r. The difference is negligible for large M but becomes important when M is small. Curves for different values of M are not included because with the present normalization even M = 0.3 results are very close in shape to those for large M. The present ~ = 1 result is a typical finite length diffusion curve, involving constant phase element response at high frequencies (3, 4) . The points marked on the ~ = 1 and 4 curves are included to give some idea of frequency dependence. Notice that the CDL N curve for ~ = 1 does not begin to exhibit appreciable frequency dependence until D is larger than 0.01, often a higher frequency region than convenient to measure, but the ~r~ = 4 curve shows such departure from the low frequency limiting value when ~ is as small as 10 -3. The ~r~ = 1 curve involves a peak value of C"DL of about 0.35 (r -1)Cg, much larger than Cg for large r and M but only about a tenth of Cg for M = 1. Further, the value of t2 at the peak is about 1.6 for M >> 1 but is about 14 for M = 1 and about 140 for M = 0.3, much above the ordinary IS frequency measurement range for usual values of ~D.
What is the interpretation of these ~ = 1 results? It is that only for M of the order of unity is it likely that CDL can be adequately determined from IS data for the present high end of the gt range. Since we can write, in terms of complex capacitances, CDLn = (CTn --1)/[1 -i~(Cwn --1)], it is clear that when IeTnl is very nearly unity, as it is for large M when ~ > 0.01, an accurate value of CDL n cannot be calculated from even excellent data in this region. Rewriting the above equation as CTn : 1 + [iD + CDL n 1] 1, one sees that only when ICDLn 11 is of the order of unity or greater, as it will be for small M in this high frequency range, or for large M for ~ << 0.01, will CDL n contribute appreciably to CT~. Of course when CT response is not close to Debye response, CDL will vary appreciably with frequency and is of less interest compared to the frequency independent primary parameters of the completely blocking solution. Figure 3 shows the effect of "~z variation on two of the curves appearing in Fig. 1 . When the more mobile charge also has the largest valence number, Fig 3a shows that the curves again approach Debye behavior for large ~z. Note the dependence of the cusp value of Re(CTN) for Fig. 3b on wz. For ~z = 1 it approaches 1/21~2 for large M. Figure 4a indicates how curve shape depends on M for the ~m = 108 curve of Fig. 1 . Note that for M >> ~m, Debye behavior is again approached. The present "N" normalization allows all these curves to be presented on the same scale. Had "n" normalization been used, the M = 1 curve would have had a Re(Cwn) intercept of unity at high frequencies and a low frequency intercept of only r = ctnh(1) = 1.313. Figure 4b shows the effect of a series capacitance, CI, on one of the curves of Fig. 1 . For small C~N, Debye behavior is approached once more. But note that for CIN << 1, the high frequency limiting value of ae(CwN) approaches 1/ (1 + reiN) . Thus for CIN = 1/r, this value is 0.5.
Let us conclude by considering partial dissociation behavior. Let D denote the dissociation ratio, a quantity given (5) 5a show how curve shape depends on the relaxation time ratio ~ for ~m = 108. Note that three individual arcs are beginning to appear for the ~ = 106 curve. Figure 5b alternatively keeps ~ fixed at 100 and indicates the effect of varying A. For small dissociation, Debye behavior is again approached. In Fig. 6, I have shown just the low frequency part of the ~ = 10 ~ curve of Fig. 5a . The curves of Fig. 6a and b are included to give the reader some idea of how the low frequency arc itself can split into two diffusion-related arcs as the dissociation increases and then meld back to a single arc as full dissociation is approached.
The curves presented so far give only a very incomplete picture of all the response shapes possible for the completely blocking situation. Further, in the real world, the parameters are not all independent. The curves of Fig. 7 are included to provide some idea of response with interdependent parameters. Let us allow the equilibrium bulk Since we cannot hope to illustrate even a fraction of the possible behavior here, it is useful that the full solution is available for CNLS fitting, but even such fitting may not allow full discrimination between the various special conditions that can lead to essentially Debye behavior. In such limiting cases, other independent information will usually be required to elucidate the response fully. For example, if CIN << 1 so that C~ dominates the capacitative response, the complex-capacitance plane response of CT will be a Debye curve arising just from Rb and C~ in series. In this case, the overall response will show little dependence on an applied static potential since C~ should be field independent or nearly so, while CDL depends strongly on static potential (1, 3, 4, 13) . Such potential independence of CT was, in fact, found by Glarum and Marshall (10) for their measurements on a completely blocking system.
It should be emphasized that the present results only illustrate the completely blocking behavior of bulk material, particularly that present when =m is very different from unity and thus the full response extends over a very wide range of frequencies. The present response possibilities take no account of possible electrode roughness and thus best apply for liquid metal or, perhaps, concentrated electrolyte electrodes. But solid metal electrodes always exhibit some surface roughness, adding an interface impedance to the present Zs response. Such an impedance may also be significant over a wide range of frequency, possibly overlapping the bulk response range or even occurring below it. It is thus important to understand the bulk response so it can be separated from the interface impedance when one is interested in studying one or the other or both of these contributions. The interface impedance is usually found to exhibit constant phase angle (CPE) response (3, 4, 14) over a wide frequency span. Such response appears in many small-signal response theories (15) and can arise from various quite different physical sources. Recently, various different fractal-related theories of such interface CPE response have been proposed (16) , but currently unpublished work of Bates and his collaborators (17) strongly suggests that although the response is indeed associated with surface roughness, it is unrelated to the fractal dimension of the surface. Although the combination of bulk and interface effects can lead to more complicated complex plane curves than those illustrated, I shall not show any such results here. Data possibly arising from the combination of both effects should be plotted in both the impedance (and possibly log impedance) and complex capacitance planes and analyzed using CNLS.
Although the present results were derived for a system with two identical electrodes, common for solid materials, they also apply, in their present normalized form, to halfcell response, the usual situation for liquid electrolytes. In the latter case, actual impedance and capacitance values may be obtained from the normalized expressions of the appendix by using normalization values which take account of the presence of one rather than two electrodes. Because of the symmetry of the system with two identical electrodes, it may be considered to consist of two identical half-cells in series, with the center of the material, the joining point of the half-cells, a unique point where bulk concentrations retain their equilibrium values and remain undisturbed by the applied ac potential.
As already mentioned, the present graphical results represent only a small part of all the potential responses which can arise from possible variations in mobility and valence ratios, generation-recombination, geometric effectsl inner layer capacitance, and electrode roughness. Nevertheless, they may be of some immediate diagnostic value. When the system being investigated is completely blocking, or thought to be so, one should first consider the response in the complex capacitance plane by forming and It is worth emphasizing that it is always very desirable to go beyond qualitative comparisons and carry out full CNLS fitting of the data. Such fitting is generally quite insensitive and forgiving to the initial parameter guesses and can usually converge to a good fit even when such guesses are orders of magnitude from their final converged values. Thus, such fitting is often useful even when no qualitative agreement can be found between the complex capacitance plane response of the data and any of the present theoretical responses. When a good fit has been obtained, one can immediately identify and quantify the various physicochemical processes contributing to the overall response. The CNLS program available from the author allows one to fit an equivalent circuit which may contain geometric capacitance, bulk, resistance, a specific Nernst-Planck blocking element, and possible electrode roughness contributions to the overall impedance. In favorable cases, which usually means having reasonably accurate data extending over many decades of frequency, all these processes, and the microscopic quantities associated with them, may be identified and quantified using CNLS fitting. 
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